Chain Rule

The chain rule is a powerful tool for differentiating a wide variety of functions.

(fog)(x) =f"[gx)]g (x)

Chain rule is the only efficient method for differentiating functions within functions. It's important to
distinguish between the ‘inside’ and ‘outside’ functions - we must differentiate outside first, then inside.

Instances

This generalised chain rule plays out differently depending on the functions that represent f(x) and g(x).

Chain rule for raising a function to a power
d

a — 4f! a-1
—[f@]° = af’ ()[f)]

5x = 5cosxsin®x

d .
e.g. a Sin
Chain rule for exponentials
d

—f®) = ¢ f(x)

I e (x)e

e.g.%e(xg) = 3x2e®”)
Chain rule for logarithms

NG
2 nlfe)] = o)

d :
eg — In(sinx) = cotx

Exercises

1. Differentiate the following:
a. cos (3x+4) f. In(x3+e%)
b. cos (Inx) g. (Inx)3
c. sin (cosx) h. eSinx
d. tan (¥x) T
e. InHx) j- In(tan3x)
2. More challenging:
a. In (5x + sinx) £ e(?nx)
b. e3tn(=» cos (—4cosx)
c. tan (tanx — g) . sinx
d. sin3 (ﬁ) " 4 sinx+1
3
e. MInx i. tan (x2sinx)

j.  tan’(e*)

Chain rule for sine (sin)

d . ,
asm[f(x)] = f'(x)cos[f(x)]
e.g.%sin(ex) = e*cos(e*)

Chain rule for cosine (cos)

L coslf()] = ~F (IsinfCx)

e.g. %cos (g — 4) = —%sin(g —4)
Chain rule for tangent (tan)

d

atan[f(x)] = f'(x)sec?[f(x)]

e.g. % tan(Inx) = % sec?(Inx)
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Answers

Question 1

a. %cos(?»x +4) = —3sin (3x + 4)
b. ;—x cos(lnx) = — % sin (Inx)

C. ;—x sin(cosx) = — sin x cos (cos x)

d _ sec?(Vx)
d. Etan(\/}) =5

d
e. aln(\/f) = i

Question 2
a . 5+cosx
a. —In(5x + sinx) =
dx ( + ) 5x+sinx
b. ie3tan(—x) = -3 SECZ x e3tan (=x)

dx

4 —2y = (sec? x + 2) sec? ( - E)
c. -tan (tanx x) = (sec’x + xz) sec” (tanx ——

4 in37) = 2xsin? () cos (-
d. 2, Sin (3) = 2xsin (3)cos(3)
d s
e. —Vlnx = =
dx =

5x(Inx)

d 3x2%+e*
—In(x3 +e¥) =
dx ( ) x3+eX

d 3
-~ (Inx)3 = = (Inx)?

d

2 eSinX — gy eSinx
dx

d Inx

—e =—X=

dx dx

;—xln(tan?,x) = 3cosec(3x)sec (3x)

d
dx

dx

e (¥Inx) — (2lnx + 1)xe(x21“x)

d sinx cosx
dxq[sinx+1  2./sinx(sinx+1)3

< cos (—4cosx) = 4 sinx sin (4 cos x)

d . . .
Etan(xzsmx) = (2sinx + xcosx)x sec?(x? sinx)

%tan7 (e**) = 28sec?(e**)tan®(e?)
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